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1 Wheeled Mobile Robots (WMRs)
- Introduction to Wheeled mobile robots (WMRs)
- WMRs
- Holonomicity/nonholonoicity
- Kinematic models

2 Motion Planning
- Fundamentals of the motion planning
- Point-to-point, path following and (admissible) trajectories
- Optimal trajectory planning for constrained WMRs
- Planning via artificial potentials

3 Control
- Introduction to control
- Open- and closed-loop control
- Accessibility
- Static feedback linearization
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Lecture 1
Wheeled Mobile Robots (WMRs)

Introduction to WMR kinematics

Course coordinator: Prof. Mariolino De Cecco

Teaching: Andrea Cesarini, Ph.D.

Mechatronics Department, University of Trento 

Email: andrea.cesarini@unitn.it

http://www.miro.ing.unitn.it/

http://www.miro.ing.unitn.it/
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Examples of autonomous robotic vehicles

Curiosity

Sojourner
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Examples of autonomous robotic vehicles (2)
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Examples of autonomous robotic vehicles (3)

Flexy

AGILE
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Contents

A- Autonomous and Wheeled Mobile Robots (WMRs)

B- WMRs

C- Kinematic systems

- Wheels and mechanical configuration
- Configuration space  and workspace
- Holonomic and nonholonomic
- Degrees of freedom
- Mobility, Steerability and Manouvering 

- Assumptions
- Unicycle
- Car-like
- Unicycle + N trays
- 3-Omni WMR

- WMR design
- Guidelines for WMR robotic system design
- Environments
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?• Key questions in Mobile Robotics
– Where am I ?
– Where am I going ?
– How do I get there ?

• To answer these questions the robot has to
– have a model of the robot and environment (given or autonomously 

built)
– perceive and analyze the environment
– find robot position within the environment 
– plan and execute the movement

•  Today: Focus on Where am I going ? using wheel encoders 
+ model

Autonomous and Wheeled Mobile Robots
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WMR design requirements

Information via “sensor fusion”: odometry, remote localization 
and environmental ancillary datasets

Path/trajectory and (hybrid) planning/control (offline - global strategy)

Execution with robustness to perturbations and flexibility (online  - 
local strategy)
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Wheeled Mobile Robotics

“Mobile robotics provides methods allowing robotic systems to carry out 
predetermined tasks” 

 To design a robotic system is a refining process.

 The ultimate design of a robotic system does not exist by itself. The optimal 
design changes optimizing the design constraint. 

 In general, providing a task, the optimal design is achieved maximizing for the 
Pareto-optimality within mechanical reliability, costs and simplicity

① The task

② The environment (objects in the work space)

③ The dynamical characteristics of the robots

The overall strategy is 
selected via refining 

process
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Environments

 Structured Environments 

Complete knowledge of the environment allowing an offline global planning of 
the motion.

 Semistructured environments 

Environmental uncomplete knowledge allowing motion global planning with 
local flexibility in presence of dynamical obstacles

 Unstructured enviroments 

Very limited environmental knowledge and/or wide variety of circumstances and 
conditions. 
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Robot mechanical configuration

 Legs …

 Wheels...

 Trolley/Tracks …

 Hybrid …
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Robot mechanical configuration

 Legs …

 Wheels 

 Trolley/Tracks …

 Hybrid …

Directional

Omnidirectional
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Directional fix and stearable wheels:

a) Standard Fixed Wheel (fixed axis and support)

• One fixed axis and fixed support.

• Stearable centered.

• Two degrees of freedom; rotation around the 

(motorized) wheel axle and the contact point

b) Steerable off-centered (Caster/castor) wheel

• Actuated or passive

• Three degrees of freedom; rotation around the 

wheel axle, the contact point and the castor axle

Image from [Siegwart 2011]

Wheel mechanics
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c) Swedish wheel or Mecanum

• Rollers on the wheel circle, mounted 

with an angle (90°,45°) 

• Holonomic

• Provided of 3 DOFs with rotations 

around the motorized wheel axle, 

the rollers and around the contact 

point

d) Sperical wheel

• Difficult construction Image from [Siegwart 2011]

Wheel mechanics (2)

Omnidirectional wheels:

Swedish 45°
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Honda Wheels (Ux3)

 Swedish 90° (Omnidirectional):

Airtrax

Mechanum principle

 Swedish 45° (Mechanum):

Wheel mechanics (3)

Examples of omnidirectional wheels:



A. Cesarini -  Robotic Perception and Action

WMR configurations

Image from [Siegwart 2011]
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Examples of WMR configurations
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Examples of WMR configurations (2)
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Image from Siciliano et al., 2009

v t=r ϕ̇

r
v n=0

Wheel motion mechanics

Kinematic assumptions:

Each wheel does not experience slipping (longitudinal direction)

Each wheel can’t skid (transversal direction)

Single point of contact (no deformable)

Vertical plane for the wheel
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Instantaneous centre of rotation (ICR)

   ICRs might be defined or not. 

   Moreover it might be one or a set of infinite ICRs

ICR ICRs Inf ICR not defined ICR not defined

Thus, it is always possible to individuate an instantaneous centre of rotation (ICR) which is 
determined by the intersection of all the wheel rotation axes (at a given time).
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  In the case of the unicycle and in the case of the car-like, the ICR are 
defined and unique.

ICR

Car-likeUnicycle

ICR

Wheeled mobile robots: unicycle and car-like (2) Wheeled mobile robots: unicycle and car-like 

The intersections of the wheel rotation axes provide the ICRs
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q=[
x
y
θ ] , dimC=3 q=[

x
y
θ
ϕ

] , dim C=4

Wheeled mobile robots: unicycle and car-like 

 The parameters defining the configuration of a system are called generalized 
coordinates and the vector space defined by those coordinates is called configuration 
space, or C-space

 Let be a system with generalized configuration coordinates             , we assume that the 
configuration space C (at least locally) coincides with      . 

q∈C
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Nonholonomicity

The minimum number of variables (or generalized coordinates) to 
completely characterize the position/attitude of a system is called the 
number n of degrees of freedom (DOFs)

 Constraints on the position of a system of particles are holonomic constraints. 

E.g. position or position/attitude is constrained by holonomic constraints

 The presence of an obstacle divides the configuration space C produces the 
presence of invalid configurations

 In contrast to this, we might have constraints on the velocity but not on the 
configuration space; nonholonomic constraints constrain instantaneous 
velocity directions since constraints are nonintegrable in the direction of 
motion. Under no slip condition, e.g., we might have:

which is not integrable.

 Note: however, not all velocity constraints are not integrable since it is 
possible to differentiate any position constraint to obtain a velocity 
constraint and later  integrate it again.

dy
dx

=tan θ⇒ ẏ cos θ− ẋ sin θ=0
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q=[
x
y
θ
δ1

δ 2

.. .
δN

] , dimC=3+N

Unicycle

Trolleys

Wheeled mobile robots: N-trailer system
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The configuration of a mechanical system can be uniquely described by an n-
dimensional vector of generalized coordinates:

The generalized velocity at a generic state of the configuration space                           is 
is described by that tangent vector. 

q ( t )⊂Q⊆Rn

Configuration C-Space

Note: The    parameters describing the system configuration are called generalized 
coordinates and the vector space defined by those coordinates is called configuration space C

q i

A configuration is a specification of the position of every point on a robot !

A configuration q is usually expressed as a vector of free parameters of configuration or as 
Degrees Of Freedom (DOFs) of the robot:

The configuration space C is an n-dimensional (sufficiently) smooth manifold (which 
is locally “diffeomorphic”, then
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C-space vs W-space

Workspace (W-space) Configuration (C-space)
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Configuration space, or C-space

Example: C-Space of a Two Link Manipulator
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Special Euclidean Groups SE(2) and SE(3)

A few considerations about the configuration space C and the workspace W in which any 
movement of the WMR robot (and eventually its end-effector) is described:

The configuration space C provides the set of all possible configurations

If the robot can be modeled as a 0-dimensional “material point”, translating in a 2D (3D) 
workspace W, the configuration space C is a 2D plane (3D space) and its related 
configuration can be described with 2 (3) parameters

If a robot is modeled with its (translating) + (rotating) 2D shape, the configuration space C 
is still a 2D plane. Moreover, any configuration of the robot can be described by the Special 
Euclidean group                              where SO(2) is the Special Orthogonal group of 2D 
rotations and any single configuration can be expressed by 3 parameters (x,y,θ)

Similarly, a 3D “volumetric” robot can be described with its translations and rotations in a 
“special” 3D configuration space C as                            and in which any single 
configuration requires 6 parameters (x,y,z) for describing translations and 3 Euler angles 
(α,β,γ) for describing rotations.

SE (2 )=R2
×SO (2 )

SE (3 ) =R3
×SO (3 )

Note: The    parameters describing the system configuration are called generalized 
coordinates and the vector space defined by those coordinates is called configuration space C

q i

A bit of considerations in geometry...
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Special Euclidean Groups SE(2) and SE(3) (2)

Robot W Repr. DOFs Control DOFs C

Circular 2D 2 2 R2

Unicycle 2D 3 2 SE(2) = R2 x SO(1)

Car-like 2D 4 2 SE(2) = R2 x SO(1)

Car (3D) 3D 6 3 SE(3) = R3 x SO(3)

Submarine (3D) 3D 6 3 SE(3) = R3 x SO(3)

N act. rot. joints 3D N N SE(N) = RN x SO(N)

 A planar circular robot has 2 DOFs (x,y). If the robot is able to translate and rotate, it 
has 3 DOFs (x,y,θ); its C-space is 3D (2xR + 1 toroidal (wrapping on itself, 0-360 deg).

 A planar 2-link arm robot fixed at the base and with 2 rotational joints (one at the base 
and one at the “elbow”), has 2 DOFs             . Its C-space will be a 2D toroidal space.

 If the robot is a fixed-base manipulator with N actuated/active rotational joints (no 
closed-loops), C is N-dimensional.

Any point (state) in the configuration space C corresponds directly to a configuration 
(position and orientation) of the robot (with its end-effector) in the workspace W.

The obstacle in the workspace W is a region of the C-space which corresponds to not 
allowed robot configurations.

(θ1 , θ2 )
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Degree of Mobility (DOMo)

 The Degree of Mobility (DOMo) is the capability of a WMR to reorient itself 
(INSTANTANEOUSLY)

 OPERATIVELY: The mobility degree is related to the number of ICR associated with 
the WMR mechanical configuration

This 
configuration 
provides a 
variable arc 

of motion (Inf 
ICRs in line)

δm=2

ICR not defined

δm=0
Constant arc 

for any fix 
steering

δm=1
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Degree of Steerability (DOS)

 The Degree of Steerability (DOS) relies on the WMR indirect degree of motion which 
are provided by reconfiguring (only centered) wheels (NOT INSTANTANEOUSLY)

 The presence of any wheel imposes the presence of a kinematic specific constraint and 
the relocation/reorientation of any wheel changes the associated constraint itself

OPERATIVELY: The steering degree is the number of steering centered wheels which can 
be independently reoriented

No steering 
degrees

δ s=0

Two centered 
dependent 

steering wheels

δ s=1

Two centered 
independent 

steering wheels

δ s=2

Special note: The eventual presence of passive steering wheels (e.g., castors or 
casters) does not provide any further steering degree and kinematic constraint !!
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Degree of Maneouverability (DOMa) =DOMo + DOS

Two centered independent 
steering wheels

δm=1,δ s=2

Two centered dependent 
steering wheels
δm=1,δ s=1

 The Degree of Mobility (DOM) is the capability of a WMR to reorient itself 
(INSTANTANEOUSLY) provided by ICRs.

 The Degree of Steerability (DOS) relies on the WMR indirect degree of motion which are 
provided by reconfiguring (centered) wheels (NOT INSTANTANEOUSLY).

Three caster 
wheels

δm=3,δ s=0

One caster and 
2 fixed wheels

δm=2,δ s=0

One caster + 2 stearable 
independent wheels

δm=1,δ s=2

3 omnidirectional wheels
δm=3,δ s=0

A

F

CB

ED
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Degree of Maneouverability (DOMa) =DOMo + DOS (2)

 The Maneuverability degree is the number of DOFs provided by the steering  and 
mobility:

δM=δm+δ s

Robot Mechanical 
Configuration

3-Caster 
Wheels

1 caster and 
stearable 

independent 
wheels

2 centered 
independent 

steering 
wheels

1 
caster 
and 2 
fixed 

wheels

3 
omnidirectional 

wheels

2 centered 
dependent 

steering 
wheels

A B C D E F

Degree of Mobility 3 1 1 2 3 1

Degree of Steerability 0 2 2 0 0 1

Degree of Manouverability 3 3 3 2 3 2
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Two centered independent 
steering wheels

δm=1,δ s=2

Three caster 
wheels

δm=3,δ s=0

One caster + 2 stearable 
independent wheels

δm=1,δ s=2A

C

B

Conditions imply that only FIVE structures are of practical interest, corresponding to the five 
pairs (δm, δs ) of values.

Handbook – Robotics (Ch17, pag) (WGuy Campion, Woojin Chung)

3 omnidirectional wheels
δm=3,δ s=0

E

The Classes of Robots
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The Classes of Robots (2)

Two centered dependent 
steering wheels
δm=1,δ s=1

One caster and 
2 fixed wheels

δm=2,δ s=0

F

D

Conditions imply that only FIVE structures are of practical interest, corresponding to the 
five pairs (δm, δs ) of values.
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Robot accessibility

 Legs …

 Wheels 

 Trolley/Tracks …

 Hybrid …

LOCALLY RESTRICTED
GLOBALLY FULL
LOCALLY RESTRICTED
GLOBALLY FULL

LOCALLY FULL 
GLOBALLY FULL
LOCALLY FULL 
GLOBALLY FULL

Directional (Nonholonomic)

Omnidirectional

Mathematical

Formulation ??
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The configuration space Q is an n-dimensional (sufficiently) smooth manifold (which 
is locally diffeomorphic [at least] in       ).Rn

The configuration of a mechanical system can be uniquely described by an n-
dimensional vector of generalized coordinates:

∑
i

hi (q )=H ( q )=0

With      generalized coordinates in           and                    are of class           (smooth or 
sufficiently smooth) and independent, if the constraint functions            can be written 
in as

C∞

hi ( q )

Note: the effect of k holonomic constraints to reduce the “accessibility” of the 
configuration space (C-space)  to a subset (or submanifold) of dimension N-k. 

Holonomic kinematic constraints

The constraints are holonomic (or integrable).

The generalized velocity at a generic state of the configuration space                           is 
the tangent vector 

q ( t )⊂Q⊆Rn
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Holonomic kinematic constraints (2)

Kinematic constraints formulated via differential relations (constraint in velocity) are 
holonomic if they are integrable (therefore formulated as finite relations).

A( q )T q̇=∑
i=1

n

a i (q ) q̇ i=0

In the case of holonomic systems, we obtain n differential Pfaffian constraints 
(due to no slipping condition we have n linearly independent constraints in velocity 
that can be always integrated !! ). We can rewrite the previous formula as:

A( q , q̇ )=0

Since                                            , integrability requires        ḣ (q )=∑
i=1

n
∂ h (q )

∂ q
q̇ i=0 γ (q ) a i (q )=

∂ h (q )

∂ q i

, j=1 . ..n

NOTE: For k kinematic Pfaffian constraints, one must check integrability 
not only of each constraints but also of independent combinations

Although each constraint is not integrable by itself, a subset may be 
integrable!!

∑
i=1

k

γi (q ) a i
T ( q ) q̇=0

Integrable as                  ?  h (q )=0
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Holonomic kinematic constraints (3)

Concluding:

Holonomic constraint vs DOFs In general, a holonomic constraint reduce the DOFs 
of the system. Hence, it is a geometric constraint which links two different “bodies”.

For example: Let it be a system of 2 particles connected by a rigid bar of lenght L in 
SE(3)=R3xSO(3). In such case the new system is described only by the positions of the w 
particles in R3 !!

Nonholonomic constraint vs Velocity A different type of constraint occurs when the 
allowable motions of the system are restricted by the velocity constraint. This kinds of 
constraints do not limit the accessible space but only the instantaneous direction of 
motion. 
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Image from Siciliano et al., 2009

v t=r ϕ̇

r
v n=0

Wheel's modeling assumptions for motion mechanics

WHEEL's Kinematic assumptions:
Each wheel does not experience slipping (longitudinal direction)

Each wheel can’t skid (transversal direction)

Single point of contact (no deformable)

Vertical plane for the wheel
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Image from Siciliano et al., 2009

r

α

v n=0

v t=r ϕ̇ βA

P

Wheel's modeling assumptions for motion mechanics (2)

 Standard fixed wheel model:

① No vertical axis of rotation (no steering)

② α is the angle between the reference axis and the line connecting the origin of the 
reference frame and the axis projection on the plane A

③ β is the angle between the robot chassis and the wheel axis

[sin ( α+β ) −cos (α+β ) −l cos β ] R (θ ) q̇I−r ϕ̇=0

[cos (α+β ) −sin (α+β ) −l sin β ] R (θ ) q̇ I=0

q̇=[
ẋ
ẏ
θ̇ ]q=[

x
y
θ ]

R (θ )=[
cos θ sin θ 0

−sin θ cosθ 0
0 0 1 ]q̇=R (θ ) q̇I
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 Castor/Caster wheel model:

① Steer around a vertical axis

② d is the offset between the robot chassis (attaching point) and the center of the 
wheel which intersect the wheel contact point

[sin ( α+β ) −cos (α+β ) −l cos β ] R (θ ) q̇ I−r ϕ̇=0

[cos (α+β ) −sin (α+β ) d −l sin β ] R (θ ) q̇ I+d β̇=0

 Swedish (mechanum) wheel:

① Omnidirectional (standard “primary” rotation axis + 1DOF “secondary” rotation 
axis)

② γ is the angle between the “primary” wheel rotation axis and the “secondary” 
rotation axis

[sin ( α+β+γ ) −cos (α+β+γ ) −lcos β ] R (θ ) q̇ I−r ϕ̇ cos γ=0

[cos (α+β+γ ) −sin ( α+ β+γ ) −lsin ( β+γ ) ] R (θ ) q̇ I−r ϕ̇ sin γ−rsw ϕ̇sw=0

Wheel's modeling assumptions for motion mechanics (3)



A. Cesarini -  Robotic Perception and Action

 Spherical (omnidirectional) wheel:

① No direct constraint on motion

② No principal axis of rotation (no rolling or sliding constraint)

③ Omnidirectional

④ No effects on robot chassis kinematics

⑤ Equation is similar to the fixed standard rotation wheel but with an arbitrary 
direction of motion. 

Wheel's modeling assumptions for motion mechanics (4)
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Nonholonomicity

The minimum number of variables (or generalized coordinates) to 
completely characterize the position/attitude of a system is called the 
number n of degrees of freedom (DOFs)

Constraints on the position of a system of particles are holonomic constraints. 

E.g. position or position/attitude is constrained by holonomic constraints

The presence of an obstacle divides the configuration space C produces the 
presence of invalid configurations

In contrast to this, we might have constraints on the velocity but not on the 
configuration space; nonholonomic constraints constrain instantaneous 
velocity directions since constraints are nonintegrable in the direction of 
motion. Under no slip condition, e.g., we might have:

which is not integrable.

However, not all velocity constraints are not integrable since it is possible to 
differentiate any position constraint to obtain a velocity constraint and later  
integrate it again.

dy
dx

=tan θ⇒ ẏ cos θ− ẋ sin θ=0
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Advantage of nonholonomicity

How do we take advantage of NONHOLONOMICITY?

Consider that the number of generalized coordinates provides the n number 
of degrees of freedom (DOFs) of the robotic system.

 Eventually, the robot does control all of the n DOFs

 The robot has only a few “independently actuated/steerable” wheels, say k. 
Note: The WMRs are generally provided of unidirectional wheels

 At most the robot produces k independent motions?

 (N-k) DOFs are the nonholonomic constraints and it is the number of 
controllable parameters !!

Question: 

How many DOFs the robot must control for reaching the a predetermined 
configuration? 
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θ

Image from [Siciliano et al., 2009]

Unicycle kinematics

A (q ) q̇=[−sin θ cos θ 0 ] [
ẋ
ẏ
θ̇ ]=0

q=[
x
y
θ ]⊂Q⊆R3

dy
dx

=tan θ⇒ ẏ cos θ− ẋ sin θ=0

The unicycle is the most trivial example of 3-DOF WMR moving in a 2D 
(planar) space.

Only standard fixed and steering wheels provides “actual” constraints.
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ωR

ωL

Unicycle kinematics (3)

INPUT

Linear and 
angular motion 
speed

INPUTOUTPUT STATE
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Differential kinematic configuration applied to unicycle

Finally, for controlling the WMR, the 
linear and the angular velocity have 
to be transformed in angular speeds 
of right and left wheels:

Unicycle kinematics (2)

ωR

ωL

v

ω

ωR

ωL

v

ω
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Car-like (FD, forward-driven) kinematics

Linear and angular 
motion speed

INPUT
OUTPUT STATE

ωR

ωL

A
C

T
U

A
T

IO
N
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Car-like (RD, rear-driven) kinematics

Linear and angular 
motion speed

INPUT

INPUT
OUTPUT STATE
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N-trailer system kinematics

q̇=[
ẋ
ẏ
θ̇
δ̇1

.. .
δ̇N

]=[
cosθ
sin θ

0
−sin(δ1−ϕ )/b1

.. .

−(Π j=1
N −1cos( δN−δ N−1 ))⋅sin( δN−δN −1) /bN

]u1+[
0
0
1
0
0
0
]u2 , dimC=3+N
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Controls:

v1  : velocity of wheel 1

v2  : velocity of wheel 2

v3  : velocity of wheel 3

b

xR

yR

xF

yF

u1

u2

u3



Omnidirational 3-WMR kinematics

Mecanum wheels !!

Robot chassis provided of 3 omnidirectional “Swedish 90°” wheels
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Uranus, CMU: 
Omnidirectional 4-wheel Drive

• Movement in the plane has 3 DOF

– thus only three wheels can be 
independently controlled

– It might be better to arrange three 
swedish wheels in a triangle

Omnidirectional wheels provide no local and no global restrictions to the 

WMR direction of motion:
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Resume for holonomic/nonholonomic
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Key question: We may know where our robot is supposed to be, but in 
reality it might be somewhere else… why?

VR(t)

VL (t)

starting position

supposed final pose

x

y

lots of possibilities for the actual 
final pose

Reasons for eventual Motion Errors?
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bump

ideal case
different wheel

diameters

carpet

Reasons for Motion Errors (2)

What should we do?
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Dictionary

1. Holonomic  olonomo
2. Nonholonomic  anolonomo
3. Self-motion  automovimento
4. Driftless  senza dinamica (libera)
5. Rolling  rotolamento
6. No skid  scivolamento perpendicolare al moto
7. No slip  scivolamento nella direzione del moto
8. Instantanous curvature radius  raggio istantaneo di curvatura
9. …



A. Cesarini -  Robotic Perception and Action

End 1… now let’s move to 
the whiteboard !!!
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